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Abstract 

We rewrite the N = (2,2) non-linear sigma model using auxiliary spinorial su- 
perfields defining the model on T ®* T, where T is the tangent bundle of the target 
space M. This is motivated by possible connections to Hitchin's generalized complex 
structures. We find the general form of the second supersymmetry compatible with 
the known one for the original model. 
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1 Introduction 



Supersymmetric non-linear sigma models have an interesting relation to complex ge- 
ometry. The geometry of the target space T is restrictive, and depends on the amount 
of supersymmetry and on the dimension of the underlying space-time. E.g., in four 
dimensions one supersymmetry implies Kahler geometry in the target space and two su- 
persymmetries imply Hyperkahler geometry. In two dimensions the situation becomes 
particularly interesting due to the relation to string theory and to the richer target 
space geometry allowed. In the pioneering paper [1] it was shown that the relevant 
geometry for (2,2) supersymmetry is a bi-hermitean geometry involving two complex 
structures, and that this geometry under certain circumstances become a generalization 
of Kahler geometry. Similar results hold for, e.g., (4,4) supersymmetry. 

In recent mathematical literature, in connection with Calabi-Yau manifolds, a 
new geometric structure called generalized complex geometry has been studied [2, 3]. 
Among other features, it involves a generalized complex structure defined on T ©* T. 
There are indications that this kind of geometry should be relevant for M = (2, 2) 
supersymmetry in two dimensions. To understand this relation, one should generalize 
the usual sigma model to one that is defined on T ©* T and investigate its geometry. 
In this note we perform the first of these tasks. 

To this end, we rewrite the sigma model introducing two auxiliary spinorial su- 
perfields \l/±, in *T apart from the usual scalars <I> in T. Integrating out these fields 
the usual 2D supersymmetric sigma model is recovered, keeping them we may ask 
under which conditions this system has M = (2, 2) supersymmetry. A priori, this 
larger system, involving extra fields, could introduce a more general geometry while 
still retaining the same amount of supersymmetry. 

When investigating the symmetries of the model, we are guided by the fact that by 
going partially on shell (using the equations) we recover the known model involving 
only <&'s. We thus make an ansatz for the second supersymmetry (involving all fields 
<E> and as general as allowed by dimensional analysis and the fact that on ^-shell it 
must reduce to the known second supersymmetry for <I>. Further, as usual, the pure $ 
formulation of the sigma model forces us also on <E>-sheil for the supersymmetry algebra 
to close, giving additional relations. In this manner, using a 1.5 order formalism for 
the fields and requiring both invariance of the action and on-shell closure of the 
algebra and enforcing a certain discrete symmetry of the action, we determine part 
of the transformations. The undetermined part is then shown to correspond to "field 
equation" -type symmetries and removed. The final form (4.23) of the transformations 
is completely determined in terms of the complex structures characterizing the original 
$-model, the metric G and the antisymmetric tensor field B. 

Some background material on supersymmetric sigma models is collected in section 
2, the actual model is introduced in section 3, the additional supersymmetry is derived 
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in section 4 and further discussed in section 5. After a quick look at isometries duand 
duality in section 6 we give our conclusions in section 7. 



2 N=(2,2) sigma models, generalities 

In this section we summarize some basic facts about supersymmetric nonlinear sigma 
models. 

The M = (1,1) action for a supersymmetric non-linear sigma model in a background 
metric G^ u and antisymmetric B^ u field reads 

S = J d 2 id 2 9 D+& i D-$ v E IJtt ,($), (2.1) 

where D± are the spinorial derivatives satisfying the supersymmetry algebra = 
id.fr, D 2 _ = id=, and where the metric G^ v = \E^ U ^ and the torsion potential = 

As first described in [1], the action (2.1) has M = (2,2) supersymmetry 3 i.e., an 
additional non-manifest supersymmetry of the form 

8<f>» = £+(D + $ v )j( + ^ + £-(D_$ u )j(-^ , (2.2) 

provided that are complex structures: they square to minus one, 

J 2{±) = -1 , (2.3) 

and have vanishing Nijenhuis tensors 4 ; 

MjP" = 4 ±h d h J^ )K - (n <-> v) = . (2.4) 

In addition, the metric has to be bi-hermitean, i.e., hermitean with respect to both 
complex structures 

4 ±h G w jW? = GV , (2.5) 

and the complex structures should be covariantly constant with respect to certain 
connections r^, respectively 

Jj ±h = . (2.6) 

These connections are 

r(^ = r»±r;, (2.7) 

with r(°) the Christoffel connection for the metric G, and the torsion given by 

VI = \h^ p CT . (2.8) 



2 We use (anti-) symmctrization without a combinatorial factor 

3 The target-space geometry for models with less supersymmetry, e.g, (2, 1), is also very interesting, but 
will not be discussed here. See [4]. 

4 More general models with non-vanishing A/" have also been considered [5] 
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This relates the complex structures to the field-strength for the 5-field, 

Hpvp = d^B vp \ , (2.9) 

which implies 

H, up = J^J^J^ x dj£l = -J^J^J^djQ , (2.10) 
where dj^ is the exterior derivative of the two forms with components jffl = 

When the two complex structures commute, [J^ + \ J^] = 0, their product gives 
an almost product structure, i. e., II 2 = 1 where II = J^J^ [1]. While the 
individual integrability of and is not sufficient to guarantee integrability 

of II, in conjunction with (2.6) it is [7]. We may then choose coordinates where II is 
diagonal. It is this case which is possible to formulate in terms of chiral and twisted 
chiral N = 2 superfields [1]. More general models may be constructed using (anti- 
)semichiral superfields [8] as coordinates, as discussed in [9]. (For N = 4 the geometric 
structure is even more restricted [1], and there are additional superfield coordinates 
available [10]) 



3 The alternative action 

For the action (2.1) above, the (bosonic part of) the superfields 3^ coordinatize the 
target space M , and their derivatives lie in the tangent bundle T_m of M. . In this paper 
we want to consider an action given by 

S = - J d 2 £d 2 9 + itf , (3.1) 

where E^ v is the inverse of E^ v and the (bosonic part of) spinorial superfields 
lie in the co-tangent space *Tm. The action (3.1) may thus be considered as a sigma 
model on Tm © *Xm and is equivalent to (2.1), as is seen by eliminating ty± fl via their 
field equations. The purely bosonic part reads 

S = J d 2 i {A^A =U E^(X) + A { ^d =] X»} , (3.2) 

where A^.^ and A =v are vector fields, (the 6' ± components of *±^), and X M is the 
lowest component of <3?'\ When E^ u is purely antisymmetric this is a Poisson sigma 
model [11] and (3.1) is its supersymmetric version. In what follows we invesigate the 
conditions for (3.1) to have additional supersymmetry {N = (2,2)). 

5 For a recent discussion of the relevant geometry, see [6] 
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4 Transformations 



In this section we first make an ansatz for the second supersymmetry transformation 
and then use the requirements of closure of the algebra and invariance of the action 
to determine the coefficient functions. We shall need to discriminate between using all 
or only some of the field equations of (3.1). Henceforth the case when both the <E> and 
the ^ equations are satsisfied will be refered to as being on-shell the case when only 
the \I> equations are satisfied will be refered to as being on VP -shell. 

Since we shall only require the algebra to close on-shell, we use our knowledge of the 
transformations of the action (2.1) to which our action reduces on \T>-shell. A further 
simplification will result from the discrete symmetry 

= + 2iD+* v E vli 

= - UD-WE^ (4.1) 

which leaves the action (3.1) invariant. 

By dimensional arguments, the most general transformations read 



= ie + d^ u M vp + e+D+V+vK^ 
+ e + ^ +p ^ +u NP^ + e + D + ^D + ^P pup + e + D + <f>f>V +u Q p » 

= e + D + V_ v R^ + e + D^ +u S\ 
+ e + D + D^T vp + W% + 

+ e + D + ^D^ u X pvp + e+* +p *_ I/ y^ (4.2) 

and similarily for e~. On VP-shell we find from the ^-field equations that 

= iD+WE vli , D + V +p = -d^E up - iD + ^D + ^E ppu , 
D-V +IX = -iD + D_<Z> v E up - iD+VD-WE^ 

= -iD-WE^ £>_¥_„ = d = <$> v E pv + iD^D + ^E ppu , 

= -iD + D^E pv + iD^PD + ^E ppu (4.3) 

When requiring closure of the algebra, we will need the on ^-shell transformations 
which read 



5^ = e + D + $ v {J/ + If) (4.4) 

= e + d^ u AJ>E pp + e+D+WD+WP^ 
5V- P = e + D + D^f ap + e + D + ^D^X pup 

where 

Ppvp = Ppvp, ~l~ iE U(T Q _„ — E pa E VK N „ iE pav K „ , 
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T ap — iE va R p iE av S p + T a p 
X pvjX = X pU p + E p \E UK Y x * + iE pX U x Vil 

- iE Xv V p x - %E pXv S\ - iE Xvp R\ (4.5) 

The known on-shell susy of the usual action specifies that 

J/ + // = A/ 

iMp V - E pp K% = KPE pv 

Tap — ik-tf E pp 

2PkS p = P[ K 5]p = i^{K5] E vp + iA [n E S}pr 

X pV p = -ih p lEp K - iEp VK k p K , (4.6) 

where AJ 1 is a complex structure covariantly constant w.r.t. the + connection and 
preserving the metric ^E( pu ), and where additional indices denote ordinary derivatives 
w.r.t. <£ M . When (4.6) is satisfied as well as the corresponding relations for the — 
transformation involving the second complex structure, and we use the ^-shell relations 
we have reduced the theory to that of [1], and we are guaranteed that the algebra closes 
on-shell. 

From invariance of the action we first obtain 

R\ = iM up E^ - J a v 
R\ = E aT K;E^ + I/ 

(M + T) {tlu) = = (M-T) [flu]T (4.7) 

The first two equations are consistent due to (4.6). The following two imply (up to a 
constant) that T = M is antisymmetric, which in turn means that 

kP (p E »)p = A (p PE u)p = \p P B, )p , (4.8) 

where we have used (4.6) and, in the last equality, the antisymmetry of Ap U . 
Next we have 

S K a = -J a K -E^A/Ep a 

(I-S) (K X E^ X = . (4.9) 

Using the first, the latter relation is satisfied due to a relation that follows from the 
fact that A preserves the metric (c.f. (2.5)). Finally we obtain the following set of 
conditions: 

X [p\ix\a] = IPpop ~ M p[pa] 

K™i = i (M Ull E^) , + 2iP oau E^ 



[ap] = 1 \ 1V1 \p\^ ) a] ^^ pa p 

iUZ„ + X ppT E^ = (M pX E° x ) p + iK^ p] - iQ° p 
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iN P^ + -U [p pX E^ x 



(I - S) l \EPV 



(4.10) 



To solve (4.6) - (4.10) we first insert the expressions for R and S from (4.7) and 
(4.9) into the relation for T in (4.5) and (4.6). We thus find that J = A and hence 
that 1 = 0. Next we make use of the symmetries (4.1). Requiring that 



^(V, <&) = $) - <5(2iD_<I>^)(v|/, $) (4.11) 

tells us that 

y A « = 0, 7V A £ = . (4.12) 

Continuing the analysis, we find that not all coefficient functions in (4.2) are de- 
termined. This is to be expected, since the general ansatz (4.2) will also include "field 
equation" symmetries, i.e., symmetries of the type 

V = ^, (4-13) 

with C a Lagrangian for the fields ip l and Aij some matrix-valued function with the 
appropriate symmetries. The set of undetermined functions may be taken to be 

Pjivpi — E^ K K j,j 

Q»v P = Q ip \J\E p)K , U^p = E Mf .U K ulp) (4.14) 

The *± field equations are, from (4.3), 

F£ = 9 +v E vli - iD+Q" 

F p = + iD^ , (4.15) 
and, for later use , we also define 

F+ = ^ +U E U ^ + iD + &* 

F p = - iD-&* , (4.16) 

which on shell become 2iD + <&^ and —2iD_^ fl , respectively. 

Using the definitions (4.14) and (4.15), we collect the undetermined functions into 
an invariance of the type defined in (4.13): 

5^ = 

+„ = e + D + F»K^ - e + F*D + ^h pXp 

_„ = e+D + F»K pu + e+FhD+VP (h ppX + K Xpp ) - e + D^F x U Xup (4.17) 

where 

hpXp, = iPp^ + Qpp\ + -E( X \ u \p)E aT K Til . (4.18) 
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Clearly these variations vanish on-shell. It may also be checked that they represent an 
invariance of the action. In doing this the following relation for the pure 5^> part of 
the variation of the Lagrangian is useful: 

5^C = 6* +li F!t + F£ (4.19) 

To have the correct on-shell transformations manifest, we rewrite the second super- 
symmetry using (4.15) and (4.16). Removing the transformations (4.17) from (4.2) we 
are left with 6 : 

5^ = e + D + ^ v AJ t 

<5* +M = -le+D+FXErvAT - ±e+D+F%E Tli AJ 

-y+D+WF* (-E (xlalp) E^A^B r)K + 4iP pXlx ) + e+D+^D+^P^ 
= E + D + F»_R x p E Xv + e+D-F%{E vX S\ - \AJ>E pp ) + \e + D_F»kJ>E w 

-e + d + &>fz (\E { ^ p) E°-k {i ?B T)K + iP ppv + e Xv e pt k;e^ k + \{a { ;e tW) ) p 

+\e + F^D^{S K pv E pK - E pXv S\) + e+D+WD-WX^ , (4.2C 

where now 

SK TpKT A A r> 

p - E A [r -D[i]\ 

R* p = ^ET-A^B^ . (4.21) 

Although the transformations no-longer contain any undetermined functions, there are 
still some ambiguities left. First we may shift the coefficients in front of F± and F± 
using 

F£-F£ = ^2iD±$» . (4.22) 

Second, we may use V^A = to change the terms containing derivatives of the 
complex structure, e.g, and finally we may still identify and remove additional "field 
equation" symmetries. In fact, using the first and last option we find our final form of 
the variations 



5* +p = -±e+D + F»E T „A; - \e+D + F" + E Tp AJ + e+D+VD+WP^ 
<5*_^ = le+D + F^E VT A; + \e + D + F V _AJ E^ + e + D + ^D^X pup 

+e + D + ^Fl(E pvK K;-\{K { ;B rW) ) p ) . (4.23) 

Again, an explicit check confirms the invariance of the action. 

6 It is interesting to note that if we relax the condition that AJ 1 is covariantly constant w.r.t. the 
connection above, we recover it here as a compatibility condition between (4.6) and (4.10) when P^ p = 
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5 Discussion 



The previous derivation was focused completely on the e + -symmetry. In fact, the 
£~-symmetry follows trivially from that discussion. All we have to do is make the 
exchange 

+ <-> - 

EW <-> —E v>x 

A = AW <-► A ( ~ } , (5.1) 

in (4.23). The on-shell invariance under the combined variations is then guaranteed by 
the ^-shell equivalence to the usual model. 

In section 3 we mention that the model (3.1) that we study becomes a supersym- 
metrization of the Poisson sigma model when we set the metric Gp V to zero. Unfortu- 
nately, our entire treatment above rests on having a non-zero hermitean metric, and 
we are thus at present unable to draw any conclusions about the existence of a second 
supersymmetry in this case. The opposite limit of a zero Bp V field is readily treated, 
however. The transformations (4.23) then reduce to 

<5* +/i = e+d^A^ + ie+D+^D+^X^ 
<5*_^ = %D+D-WA vlt - ie+D+^D-^Xp^ 

+e + D + ^FlGp UK A p K , (5.2) 



where now 



X 



pup 



(App U + A p T Gp [vT] ) . (5.3) 



The only ^ dependence is thus through F_ in the last term in (5.2). 



6 Isometries, gauging and duality 

Under an isometry of the target space 

8^ = ehPfib) 

5*±p = -etf^fcy*) 

C ek E^ = 0, (6.1) 

the action (3.1) stays invariant. Such an isometry is promoted to a local invariance 
(e — > e(£, 9)) by the substitution (for more general cases see [18]) 

D±$ m -» D±$ m + A±k» , (6.2) 

where 5A± = —D±e. We now use this local invariance to discuss duality 7 . 
For introductions to duality see e.g., [12]-[15]. Some early discussions in superspace are [16, 17] 
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The gauged action reads, including a Lagrange multiplier Y ensuring that A is pure 
gauge: 

S = - J d 2 id 2 9 _„£r($) + itf (^V-)*" - , (6.3) 

where 

V±$^ = £>±^ + At*;" (6.4) 

Integrating out Y and choosing gauge, we recover the original action (2.1). If we 
integrate out the gauge field A± instead, we find 

D±Y = i^ ±fM k^ . (6.5) 

In adapted coordinates wher = and in a gauge where D-|-<3? = 0, the dual action 
then reads 

S = - J $td 2 d {vl;.,vl; -j-y + D+YV-iE® + V +i D-YE i0 + D + YD_YE 00 + itf (+i .D_ 

(6.6) 

where i,j = l...d— 1. To recognize the "second order" form of this action we integrate 
out ^f± l j i which yields the equations 

tf-j-Etf + D-YE i0 + iD-& = 

V +j E ji + D + YE 0i - iD + & = . (6.7) 
Solving these equations and substitutiong into (6.6) we obtain 

S = J d 2 £d 2 9 D+^D-^E^), (6.8) 

where 

-Eoo = E^f 

Eoi = EqqEqI 

Em = EqqEiq 

Eik = (Eik - E^EioEok) , (6.9) 
i.e., the usual Busher rules. [19, 20, 21] 

7 Conclusions 

In this note we have addressed the question of whether a formulation of the TV = (2, 2) 
super symmetric nondinear sigma model with auxiliary superfields in *T has a richer 
target space geometry than the original one. Under the assumptions made in the paper, 
which seem to be quite general, we find that the second supersymmetry is determined 
by the same comlex structures that determine the transformations in the original model 
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plus the background metric and U-field. It would seem natural to assume that this 
indicates a relation to the generalized complex geometry of the type discussed in [2, 3], 
since that geometry is also determined by these objects (although the 5-field there is 
closed). This is a topic for further study, however. 

As mentioned in section 5, an open problem is to find the second supersymmetry 
when the metric is zero and we have a pure Poisson sigma model. 

Another interesting question is what happens if we require less supersymmetry, 
M = (2, 1) say. Then our action may be extended by inclusion of kinetic terms for the 
^-fields since those are no-longer auxiliary. The geometry of such models needs to be 
investigated. 

Finally, a recent investigations on the boundary conditions for open models [22]- 
[30] generalize in interesting ways to the present model. 
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